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The Einstein equations under conformal transformations?

@ Penrose proposal in a nut-shell: g = Z2g

@ What are the equations for the unphysical metric g ?

@ Einstein field equations in vaccum

Rab = Agab
Are not conformally invariant!
@ A calculation shows that
_ =2
Gab = = YGab, —
Rap = Rap — 257 'V, V= — gup (E7IVEV E — 32 2V ,EV E),
where R, and V, are associated with gqp.

@ Formally singular at = = 0!.
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Gab = E gabv -

Rap = Rap — 2271V, ViE — g (E71VOV.E = 3272V,.EVE),

Formulation classification answer the question: What to do =7...

e = given: Hyperboloidal-Singular-Scri-fixed. Singular equation for g
(Formulation and numerics: Zenginoglu, Vaiié, Husa, Macedo ...)

@ There's no =: Hiperboloidal dual-foliation: Non-conformal rescaling. Singular
terms. (Formulation: Hilditch, G., Duarte, Feng.  Numerics: Vaiié, Peterson)

@ Solve for =: Eliptic-hiperbolic formulation. Formally singular equations.
Impose extra conditions for regular limits. (Rinne-Moncrief,
Bardeen-Sarbach-Buchman)

o Evolve =: Friedrich CEFEs: Formally regular. (Formulation: Friedrich, Apps
in Math-Rel.: Valiente, Liibbe, G. ..., Numerics: Frauendiener, Stevens, Thwala)

V,V,E = ngaﬁ
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The conformal Einstein field equations (H. Friedrich 81)

Equations: Fields: (2,5, Lap, d%pea)

VaVE = —ELgp + 8Gab, Loy = %Rab — %Rgab, (Schouten tensor)

_ =
Vas = —L4VE, s = %VGVQE + iRE, (Friedrich’s scalar)
VeLagy — VaLep = d%peqVaZ _

ctedb dch bed Va= A%%eq = 2 lcabcd. (Rescaled Weyl tensor)
vadabcd =0

6=s — 3V .EV=E = A

"
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The conformal Einstein field equations (H. Friedrich 81)

Equations: Fields: (2,5, Lap, d%pea)

VaVeE = —ELab + SGabs Loy :i= %Rab — %Rgab, (Schouten tensor)
_ =

Vas = —LacV°E, § = ivavaE + iRE, (Friedrich’s scalar)

VeLap — VaLey = d*beaVaZ,

ded = E7 C%ea- (
6Zs — 3V .EVE =\

Rescaled Weyl tensor)

Vadabcd =0

Hyperbolic reduction of the CEFEs

ic: _ 1
o Metric thl/ _ QL;U/ 4 gRg/.u/ - _
o e.g. (generalised) harmonic gauge Uz = F* ~ vo. =
9P 0.089u = ...

@ Tetrads: Cartan structure equations
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The conformal Einstein field equations (H. Friedrich 81)

Equations: Fields: (2,5, Lap, d%pea)

VaVeE = —ELab + SGabs Loy :i= %Rab — %Rgab, (Schouten tensor)
_ =

Vas = —LacV°E, § = ivavaE + iRE, (Friedrich’s scalar)

VeLap — VaLey = d*beaVaZ,

ded = E7 C%ea- (
6Zs — 3V .EVE =\

Rescaled Weyl tensor)

Vadabcd =0

Extended conformal Einstein field equations XCEFE

@ Non-metric connections (Weyl-conection):V s = —2f0Gbc
e _ . Y Image credits: Conf.
@ Advantage: Geo-conf~ Z(7) =0 == Z(7) "known". Methods n GR book by
. Valiente
e Obs. p*g=Z=2%g, e, a*=z"(7") non-explicit.
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Hyperboloidal Approach

Non-linear hyperboloidal

Hyp. fols. provide formally singular

=1 type terms) alternatives to the
EFEs (Vafio, Hilditch, Zenginoglu, Husa...)

~>

t = 0 Cauchy, t = 0 Hyp.
t

+H(r), 7= Q(TT)

Linear hyperboloidal

Hyp. fols. provide formally regular (without =~ ! type terms) compactified (in

hyp. r coord) representation of linear perts of BHs (Zenginoglu, Panosso-Macedo,
Jaramillo, Pound, Leather, Minucci, Boyanov, Cardoso, Meneses Rojas, Al Sheik, Warburton...)

@ Accurate QNMs o Effective: starts from LINEAR
@ Pseudospectrum (physical /uncompactified) eq.

o Self-force @ Coord. based: Compactifies via
o ...prolific!... Hyp. coords-based-expressions
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Metric CEFEs and their linearisation

@ Non linear: (Paetz 13, Carranza Hursit Valiente
19). CEFE analogue of EFE in
(generalised) harmonic gauge
Ozt = FH(=0).

@ Linearisation:

@ 3 la Penrose (non-metric):
%A/AQBABCD =0 for (conf-) Mink
@ 4 la Einstein/deDonder (metric)...
9=9+9, EZ=Z+EZ

(Feng & G. 23) CEFE analogue of linear
perts. in (generalised) Lorentz gauge.

V"G = fu(=0)

G =Sy =S
ljé = SS lj(i'uy - S({ZLIJ)

DCZW@,@ = S[‘fw”aﬁ](: 0 for [conf-] Mink).
s



If JWQB =0 = decoupling of Bianchi system!

If Jwaﬂ # 0 = coupling with the perturbations ‘i);w' G = (dynamical
quantities satisfying their own evolution equations!)...
1o+ o 1 - o
Sduaﬁ 2Rdl’«l’aﬂ - (4®50950 + ERgéd)duuaﬂ
Sso. S N _—y Lo, 45
- 29 gaéduu,ﬁa —69,°gs d;wﬁa + 4, d;w,BzS — ~Rjq d;w,é’&

6
+ Q(I)a(sgoaduuﬁé - 2Eda5,ﬁoduuéo - 23da§ﬂaduuéa - QEdatiBo'de

do
+43,°d, 505 — ngH lsas + 29,007 odysas — 82d,° o7 dyspo

—42d,° 7 dyspo + 220° dgsordune + 223°7d, > apdysor — 6@,° 557 dyoag

— 20% G ,5dygap + 4257 duoprdyns® + 45577 A,  asdurse + 42577 dysa N dyos
— 27 sduoprduw™ — 227 5d,u7 o N dyopr — 2V ai® Veduss — 2V 137V odysas
+ 37V Veduap + 2Vsdupo V7 Ga’ = 2VodunsV o’ = Vaduss VG s

— VulioapV 35 = 2Vl o V35 + 2V 5duoapVGu’ — 2V odusasV 7, .
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CEFEs in NP form (Valiente, Hilditch, Zhao 20)

Schematically:

VVE~VEXT+Ex®P+ER+s
Vs~ RxVE+® x VE
Ve +VR~®xT'+T x ¢

Vo~T x ¢

VI~R+®+Z¢p+T xT

Ve~T
Unphysical Tetrad e := {0 k% m* m*}
Directional derivatives V ={D =1{"V,, A=k, ,0 =m*V,, 0*}
Unphysical connection T'={k, 1,0 pe v B, a m v, u, A}
Rescaled Weyl tensor & = {0, P1, b2, P3, G4}
Unphysical Trace-free Ricci P = {‘I)OO, @01, @02, @12, (I)QQ}
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The decoupling of perts of the conf. factor to linear order

If (M, g) is Petrov D then (/\/l f],f) is Petrov D, furthermore if the unphysical
tetrad aligned to the physical PNDs:

b0 =1 = 3 = 6a = 0. F=6=0=A=0.

(5" — 4o+ m)d — (D — 4p — 2)n — 3ry =0,
— (A —dy+p)gpo — (6 — 47 — 28)d1 — 302 = 0,
(D—p—p"—3e+€e)o—(0—T7+7" —a" =30k =E¢

Edo = (E+ 2D + 223 1+ ) (fo + o0l + 265 +..)
= <29y + 2 (EV0)) +E07) + O(°)
= 2o + O(?)
o CEFEs: decoupling of perturbations of the conformal factor to linear order.
@ but for CEFEs to second order there's coupling!
@ Contrast: For Conf-Sing-Hyperboloidal there is never a coupling with perts of

the conformal factor (conformal factor there is fixed and.non dynamical)
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CEFE—Teukolsky (G., Panosso Macedo, & Feng 26)

Let (M, §,Z) denote a Petrov-type D solution to the (non-linear) CEFEs. The
linearisation of the CEFEs around (M, g, =) imply the CEFE-Teukolsky equation:

(D =34 —dp—p*) A -4+ i) — (0 + 7" — & — 30 — 47)(6* + 7 — 44)
—3é¢;2]¢30 = 0.

(A 435 — 3" + 4+ @*) (D +4é — p) — (6% — #* + B* + 36 + 47)(6* — 7 + 45)
—3E¢a]s = 0.
Where:
<;2 ==, = é_?"im
do ==, = é—5—4‘”b462w\i10,
by == 10, = é—1+4wb—4e—2w@07

where (b, ) represents a general spin-boost of the physical null tetrad.
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CEFE-Teuk
@ Tetrad: adapted to PNDs.
@ Coordinates: not specified.

Particular cases (known): reproducing results in the literature

o If background fixed to Kerr and hyperboloidal coords employed it reduces to
the hyperboloidal Teukolsky equation for Kerr reported in the hyperboloidal
literature (Zenginoglu, Panosso-Macedo, Jaramillo,...) —obtained through an
“effective coordinate-based approach”.

v

Particular cases (new) : Kerr close to i and .%

o If background fixed to Kerr and cylinder-like coordinates introduced by
(Hennig & Panosso Macedo 21) ~+ (new result) Teuk. eq. for Kerr close to i°.

@ Technically not F-cylinder at i as coords not based on conf. geodesics.

@ Still i — I total characteristic and Teuk. eq. reduces to transport equations
on [l
((1 Y1+ T)02 — 2(1 + 5)dr — 00 — 25>5<;3 ~0.

where 5 = 2,0, —2 spin-weight. 7' = +1 critical sets where i” and .# meet.

™ g — = e
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Conclusions and Perspectives

Conclusions
@ Bridge: linear hyperboloidal C linear CEFEs

@ Decoupling of conformal factor for linear & type D = linear
hyperboloidal-linear-CEFE agreement

@ Gap: second or higher hyperboloidal ¢ second or higher CEFEs.

@ = is fixed in hyperboloidal while = satisfies evolution equations in CEFEs
—magic decoupling only at linear level and type D!

Perspectives
@ Metric reconstruction in CEFE framework?
@ Beyond linear perturbations?
@ Conformal GHP reformulation?
@ beyond type D at linear order?
o Further/full development of linear BH pert theory in the CEFEs framework

v
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