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An interplay 

between a 

few concepts

related to 

QNM

❖ Spectral instability of black hole 

quasinormal modes

❖ Asymptotic modes, instability in the 

high overtones and low-lying 

modes

❖ Gravitational wave echoes, 

reflectionless modes, and Regge

poles

❖ Stable observables in the context 

of spectral instability



Outline

❖ Introduction: Asymptotic black hole quasinormal modes (QNM) and 
spectral instability

❖ Greybody factor, scattering amplitude

❖ Regge poles and scattering process

❖ Implementation of the matrix method in hyperboloidal coordinates

❖ Greybody factor as a stable observable in terms of Regge poles

❖ Speculations about potential observational implications



QNMs

❖QNMs are characteristic modes of a dissipative 

system

❖ They are typically manifested as one perturbs 

around a static or stationary state

❖ Originally associated with stability analysis

❖ Classical concept

❖ Quantum implications due to AdS/CFT (via the Kubo formula)

❖ Implication of the methods used to solve for the QNM

❖ Structural instability



The (simplified) master equation



The Regge-Wheeler Potential



The BIG picture (a potential barrier instead of a well)



Methods for QNM
(An incomplete list of primarily analytic and semi-analytic means)

❖ WKB

❖ Green function (Fourier or Laplace transforms)

❖ Poschl–Teller

❖ Singularity in transition amplitudes

❖ Continued fraction (expansion and convergence)

❖ Monodromy (Motl’s approach)

❖ Matrix method and pseudo spectrum method

❖ Time Evolution + Prony method

❖ Many other options



Methods for asymptotic QNM
(An incomplete list of primarily analytic and semi-analytic means)

❖ WKB (revised, employing Stokes lines)

❖ Green function (asymptotic poles)

❖ Poschl–Teller (entirely analytic)

❖ Singularity in transition amplitudes

❖ Continued fraction (Nollert’s refinement)

❖ Monodromy (Motl’s approach)

❖ (not so many) other options



Black hole structural instability
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Black hole structural instability



Black hole structural instability

❖No matter how weak it is, a discontinuity

potentially leads to drastic modifications to 

higher overtones

❖The low-lying modes seem less affected, and 

therefore the time-domain waveform remains 

mostly intact



Black hole structural instability



Black hole structural 

instability



Black hole structural instability

❖ Structural instability is different from the stability 
of individual states

❖ No matter how weak the metric perturbation is, 
it potentially leads to drastic modifications to 
higher overtones

❖ The low-lying modes seem less affected, and 
therefore the time-domain waveform remains 
mostly intact



Deformed high overtones furnish a 

recipe for GW echoes
❖ Bouncing back and forth between the maxima of 

the effective potential

❖ Analysis based on QNM spectrum 
(arXiv:1711.00391)

❖ Analysis based on Green’s function 
(arXiv:1706.06155)

❖ Analysis based on the poles of the Green’s 
function (arXiv:2104.11912)



Echoes and poles of Green’s function 

owing to discontinuity

arXiv:2104.11912v4



Echoes and poles of Green’s function 

owing to discontinuity



Instability in the fundamental mode of 

Regge-Wheeler potential



Instability in the fundamental mode of 

Regge-Wheeler potential



Black hole structural instability

❖ Structural instability is different from the stability 
of individual states

❖ No matter how weak the metric perturbation is, 
it potentially leads to drastic modifications to 
higher overtones and low-lying modes

❖ The time-domain waveform remains mostly 
intact*



Emergence of spectral instability

❖ Analytically accessible example (e.g. truncated PT & disjoint potentials)
❖ Truncated PT 

❖ asymptotical properties of the hypergeometric function 

❖ extensively investigated by other authors (arXiv:1004.2539, 1007.4039, 2009.11627, 2406.10782)

❖ Disjoint square barrier potential

❖ analytic forms of the transmission matrix that provide a straightforward picture

❖ employed by various authors (arXiv: 2210.01724, 2407.15191, 2407.20144, 2409.17026)

❖ Demonstrate explicitly and dynamically how spectral instability emerges 
as the perturbation (implemented by a discontinuity) moves away from 
the black hole

❖ To implement this, the matrix method is generalized to the hyperboloidal
coordinates on the Chebyshev grid 



A dynamic picture of spectral 

instability
❖ To implement this, the matrix method is generalized to the hyperboloidal 

coordinates on the Chebyshev grid 

❖ Matrix method is an approach reminiscent to the continued fraction 
method where the expansion is carried out at different nodes on a grid

❖ Chebyshev grid is an optimal choice for polynomial expansion where 
Runge instability is significant suppressed

❖ Hyperboloidal coordinates is an alternative but natural choice of null 
infinity as the bound for QNM master equation instead of conventional 
spatial infinity where the wave function becomes divergent



Emergence of spectral instability



A “contradiction” in the existing literature 

about QNM in the perturbed PT potential

❖ Visser’s perturbative results (arXiv:1004.2539, arXiv:1007.4039) 

❖ Analytic calculations of asymptotic behavior (arXiv:2009.11627) in the 
modified PT potential

❖ Observation of bifurcation in the QNM spectrum

❖ Dynamic evolution of high overtones from parallel to the imaginary 
frequency axis to parallel to the real frequency axis



Emergence of spectral instability



Emergence of spectral instability



Instability in the fundamental mode of 

Regge-Wheeler potential
❖ Disjoint effective potentials have been utilized as a toy model to 

illustrate such an instability (arXiv: 2210.01724, 2407.15191, 2407.20144, 2409.17026)

❖ Is it reasonable as an approximation?

❖ Is it physically plausible?

❖ Does it always imply instability?

❖ Observational implications?



Instability in the fundamental mode of 

Regge-Wheeler potential

❖ An analytic derivation can be given from a rather general context

❖ The fundamental mode of truncated PT potential was found to be stable, 
in contrast with most studies in the literature

❖ Disjoint effective potential is always unstable, independent of specific 
potential form

❖ Analytic results are in good agreement with numerical calculations



Instability in the fundamental mode of 

Regge-Wheeler potential



Greybody factor as stable 

observables

❖ Rosato et al. (arXiv: 2406.01692) and Oshita et al. (arXiv:2406.04525) 
pointed out that graybody factors are stable observables at relatively 
high frequencies



Greybody factor as stable 

observables

Rosato et al. (arXiv: 2406.01692) and Oshita et al. (arXiv:2406.04525)



Greybody factor as stable 

observables

❖ Rosato et al. (arXiv: 2406.01692) and Oshita et al. (arXiv:2406.04525) 
pointed out that graybody factors are stable observables at relatively 
high frequencies

❖ When viewed as a scattering problem, the graybody factor can be 
viewed to receive contributions from different partial waves while sitting 
on top of the background eikonal limit
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Greybody factor as stable 

observables

❖ Rosato et al. (arXiv: 2406.01692) and Oshita et al. (arXiv:2406.04525) 
pointed out that graybody factors are stable observables at relatively 
high frequencies

❖ When viewed as a scattering problem, the graybody factor can be 
viewed to receive contributions from different partial waves while sitting 
on top of the background eikonal limit

❖ The greybody factor is essentially the squared module of transmission 
amplitude, therefore, it seems that the stability of the greybody factor 
resides in that of Regge poles



Greybody factor as stable 

observables



Greybody factor as stable 

observables

❖ Rosato et al. (arXiv: 2406.01692) and Oshita et al. (arXiv:2406.04525) 
pointed out that graybody factors are stable observables at relatively 
high frequencies

❖ When viewed as a scattering problem, the graybody factor can be 
viewed to receive contributions from different partial waves while sitting 
on top of the background eikonal limit

❖ The greybody factor is essentially the squared module of transmission 
amplitude, therefore, it seems that the stability of the greybody factor 
resides in that of Regge poles

❖ However, Regge poles are not really “stable” and shown to subject to 
spectral instability



Scattering amplitude constituted by 

the underlying Regge poles



Greybody factor as stable 

observables



Greybody factor as stable 

observables



A dynamic picture of spectral 

instability
❖ To answer this, the matrix method is generalized to evaluate Regge

poles in the hyperboloidal coordinates on the Chebyshev grid 

❖ We evaluate Regge poles, transmission coefficients, and the scattering 
amplitude, graybody factors, and explore their dependence on 
frequency and other parameters.



Hyperboloidal coordinates



Greybody factor as stable 

observables



Greybody factor as stable 

observables



A dynamic picture of spectral 

instability
❖ At lower frequencies, the spectral instability is not a severe issue

❖ At higher frequencies, where the eikonal limit is largely valid, Regge
poles are not supposed to be important



Greybody factor as stable 

observables



Greybody factor as stable 

observables



Concluding remarks

❖QNMs and their stability, as generic properties of 
any dissipative system, play a pivotal role in the 
ongoing effort of GW astronomy

❖The recent developments on spectral instability of 
QMNs and Regge poles, place this concept in 
extensive discussion in the context of black hole 
spectroscopy

❖ Its observational implication, IMHO, is not yet settled



Speculations

❖Do time-domain stability or observables such as 
the greybody factor guarantee the success in 
extracting the underlying metric parameters? 

❖A complete analysis from simulated GW signals, 
that includes simulated data with realistic noise 
and are accompanied by TDI scheme using 
Bayesian/ML algorithms is warranted

❖Reflectionless modes(?)



Thank you!

谢谢!
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