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vs Normal Modes
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Normal modes

Laslh.it)l

Separation of variables

Conservative

Oscillatory & Periodic T(t) =e ™t
Real eigenvalues W= WR
Spectral theorem

Field expansion ¢ ~ / dw A(w)u,(r

[1] K. Kokkotas, B. Schmidt. Living Reviews in Relativity 2:2 (1999)

¢(r,t) = u(r)T'(t)

Separation of variables
Dissipative

Oscillatory & Decaying
Complex eigenvalues
No spectral theorem

Ringdown expansiont!]

¢(r,t) = u(r)T'(t)

T(t) - e—intewIt

W= Wwpgr + Wy

¢~ Z Ay, (r)e” ™"
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of Wave Equations for Non-Relativistic Systems 17th January 2025

How can a conservative wave equation have QNMs?

“dissipation” “dissipation”

outgoing modes outgoing modes

LOCAL

NVAYAVAYA SRR AVAAVAY.

V(r)

= — 00 r — +C8
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QNM Problem Statement for Non-Relativistic Systems 17th January 2025

Wave Equation Mode Equation

. —twti
(0] —07+V)¢p=0 (—UJQ—@,?-I-V)’&:O with @ = ue
Boundary Conditions!?

O ~ ethr—iwt oo r 3 +oo with k=+tw

r——o00 v——1 r—+oo v—+1

[2] R. Konoplya, A. Zhidenko. Reviews of Modern Physics 83:793 (2011).
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Compactified Hyperboloidal Method for Non-Relativistic Systems 17th January 2025

Compactified Hyperboloidal Method for Quasinormal Modes3:4l

@® I. Coordinate Transformation = — hix) || (= EEE

@ II. Reduction in Time Y = 0,0

@ lll. Eigenvalue Problem Lu = wu

@ V. Discretization e Ry —

@ V. Numerical Solver w € {1.00 — 0.50z,1.00 — 1.50z, ...}

[3] A. Zenginoglu. Journal of Computational Physics 230:2286 (2011)
[4] J. Jaramillo, et a/. Physical Review X 11:031003 (2021)




Wave Equation

Generalising Hyperboloidal Methods Christopher Burgess

Applications of Method for Non-Relativistic Systems 17th January 2025

Poschl-Teller Potential Modified P6schl-Teller

Poschl-Teller (& Pseudospectrum)
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@® I. Coordinate Transformation = 7 i 1 4G (r)

t T : asymptotic contours of constant field

Partial Derivatives

o 5, — O.h 1

T de

QNM Solutions

mmm) finite everywhere on the space

I s
VL

T —r +00
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Reduction in Time | Eigenvalue Problem for Non-Relativistic Systems 17th January 2025
@ Il. Reduction in Time Y = 0r¢
mm) 0.1 = L1¢+ L) spatial operators L, Lo
@ Illl. Eigenvalue Problem Lu =wu
Y = qﬁ ¥ A 1 0 1 — self-adioin.t il:l the bulk
?,b i \L1 Lo non-selfadjoint on the boundary
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Discretization / Numerical Solver for Non-Relativistic Systems 17th January 2025

@ 1V. Discretization el e
Chebyshev Extremal Points
N_ N N :
L =7 iyl U Sl T xz; = cos(jm/(N — 1))
polynomial interpolation derivatives 9, — DV
N-1
T — Tk N 2t L@ — @)
Uine(Z) = u(x;) DN =
t ; g IE; Tj — Tk J nkij{it‘j— — )

@® V. Numerical Solver
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Schrédinger

Generalising Hyperboloidal Methods Christopher Burgess
Motivations for Non-Relativistic Systems 17th January 2025
Quantum Mechanics Generalized Wave Equations
QNMs of “quantum” equation higher-derivative theories:
Analogue Gravity

. k
~ (i0r)
light in optical fibresl®!

Bose-Einstein condensates!®!

BH spectral instability!”]
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[5] C. Burgess, et al. Physical Review Letters 132:053802 (2024)

[6] E. Gross. Il Nuovo Cimento 20:454 (2007)

[7] T. Torres. Physical Review Letters 131:111401 (2023)
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Schrédinger Equation Mode Equation

. : —twti
(i0; — 02 + V)¢ =0 (w—024+V)u=0 with ¢=mue "
Boundary Conditions

O ~ ethr—wt o r— 400 with sgn(j) = +1  (“outgoing”)

Continuity Equation

0i(99") + 0 (i(¢0:¢" — 6" 0,0)) =0 T . e
density current

P 4 j<l1 j>1
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Relativistic Non-relativistic
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Non-relativistic Hyperboloidal Method for Non-Relativistic Systems 17th January 2025

Non-Relativistic Compactified Hyperboloidal Method for Quasinormal Modes!8!

@® I. Coordinate Transformation b =R

@ II. Reduction in Time Y = 0,0

@ lll. Eigenvalue Problem Lu = wu

@ V. Discretization =

@ V. Numerical Solver w € {1.00 — 0.50¢,1.00 — 1.50z, ...}

[8] C. Burgess, F. Koenig. Frontiers in Physics 12:1457543 (2024)
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Naive Approach for Non-Relativistic Systems 17th January 2025

@® I. Coordinate Transformation
2

t =71 — h(j;) r = g(;;(;) — ( [%H,— + ﬁf}_,} e 1’)(,) =0

@ 1. Reduction in Time

Y=0,¢ wmmp O 1=Ld+ Lot spatial operators L, Lo

@ 111. Eigenvalue Problem

= (¢ vl 1

@ Iv. Discretization

mmm)  Spurious results

. V. Numerical Solver
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No Preferred Speed for Non-Relativistic Systems 17th January 2025

Non-Relativistic Dispersion Relation
Im(w) No unique coordinate transformation

SN ()
w = —k 9 Im(k) t=7— h(x) r = g(x)

Contours of Constant Amplitude

>
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Parametrized Coordinate Transformation for Non-Relativistic Systems 17th January 2025

@ |. Parametrized Coordinate Transformation t =171 —h(z) r = g(z)

! Parametrized Height Function
__ =y Ar
h(z) = v, ho(z) ~
k 4. r T : asymptotic contours of constant amplitude
t yd for modes of a given frequency
A yu
i Compactification Function
N L g(x) = go(x) amplitude finite
everywhere

varying Uy
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Phase Velocity £ Group Velocity for Non-Relativistic Systems 17th January 2025

Dispersion Relation
Im(w) Re(w) Phase Singularities

e ) e .
S Y9 ™ Tm(k) Re(k) at = +1

Contours of Constant Amplitude & Phase

Amplitude Amplitude < Amplitude
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Parametrized Phase Rotation for Non-Relativistic Systems 17th January 2025

@® Il. Parametrized Phase Rotation

phase rotation removes phase singularity
for a given group/phase velocity mismatch

ey

Gb L1l e—iﬂhg(m)qb

group/phase

with A = (ﬂg - 1’13‘}) velocity mismatch

LS| =

) . varying A
amplitude & phase finite

everywhere
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for Non-Relativistic Systems 17th January 2025

Parametrized Equation of Motion

@ I1ll. Reduction in Time v =0,

$28T¢ — qub —I— sz parametrized by Vg, Up

Example: Péschl-Teller Potential

Ji = 02|V A1 = 22) + A22% + 2(1 — iA)z(1 — 22)8, — (1 — x2)2a§]

J2

|
o
Q@ N

ivg + 1 — 22 + 2iAz? + 22(1 — :c2)am]

|
o
S
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Divergence at the Turning Point for Non-Relativistic Systems 17th January 2025

:I:QE?T?; = Jlfi?) = Jz’ﬁz — 37-12 = Ll‘§5 S L2'€Z

9.h )

0z9
vanishes \ /
atzr=1r=20 \ / .




Schrédinger Generalising Hyperboloidal Methods Christopher Burgess

Power Series Construction for Non-Relativistic Systems 17th January 2025

@ 1IV. Power Series Construction

)
Orp = Z %QTT’D(-“:} |$:D Repeated differentiation of e.o.m. yields 9,*) |m=ﬂ
k=0
Separation of Terms T,Z’ = Zj;a 3 le
220, = oX(L0G+ LIY) + Joh + Jb), ey  ((0-0a = L3+ L33
divisible by & indivisible by (3;281,1‘55 =J i’tﬁ,—i— J. gd;r)

Equation of Motion

@2&@5 = J1<;3 R Jz@ = 377.5 = Llﬁg‘ 0 Lﬂz
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for Non-Relativistic Systems

Schrédinger

Implicit Eigenvalue Equation

@® V. Implicit Eigenvalue Equation L,u=wu
, - _ (¢ A
L = L, parametrized by Vg, Vp ~ WR,w; u = (L) , L=i (Ll Lg)
Non-relativistic Dispersion Relation
1 : uniquely defines
W = =5V | Vp + 14/ Vg(vg — 20p) quasinormal mode frequencies

2
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Chebyshev Discretization for Non-Relativistic Systems 17th January 2025
@ VI. Discretization P
Chebyshev Extremal Points
N_N N :
Lu=wuy == [y = wu xz; = cos(jm/(N — 1))

det (LN — wId) —

solve for QNM frequencies

discretization truncates power series!

8y — (D) =0
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Matrix Determinant for Non-Relativistic Systems 17th January 2025

@®VIl. Numerical Solver

2N x 2N N x N
det (LY — wld) = det (w?Id —iwLy — LY) =0
M

Example: Péschl-Teller Potential
M=V - Ju(Jao W+ DId+ 2(v@ + 1)XVNDV 4 (2 — (X¥)?)(DV)?

+i XN)" oA [+ 2V (D% (Vo + (V& + 20k +2)) (& + 1) (DY) = (DY)

k=0
6.000 -0.9428 \u - 0.6667w -14.00-6.600 Vu -4.000w 10.00 -4.714 \Ju +1.333w -3.000 - 0.4714 \Ju
\/ 10.50-6.600 Vw - 2.000w -18.00-12.26 \Jw - 4.667 w 7.000 - 3.300 u -9.5000 - 0.9428 \/w - 0.6667 w
T | -0.5000 - 0.9428 \Ju - 0.6667 w 7.000 - 3.300 \Ju -18.00-12.26 Ju - 4.667w  10.50- 6.600 \/u - 2.000 w
-3.000-0.4714 \u 10.00+4.714 \Jw +1.333 0w -14.00-6.600 Vu - 4.000w 6.000 - 0.9428 \Ju - 0.6667w .
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Non-relativistic Hyperboloidal Method for Non-Relativistic Systems 17th January 2025

Non-Relativistic Compactified Hyperboloidal Method for Quasinormal Modes

@ |I. Parametrized Coordinate Transformation tl=7—v, tho(z) r=g(z)
@ II. Parametrized Phase Rotation b = e~ iAho(@) g

@ 1ll. Reduction in Time b =0,¢

@ IV. Power Series Construction Op =) (z¥/ )R

@ V. Implicit Eigenvalue Problem L,u=wu

@ VI. Discretization DB TR Hi, 7

@ VII. Numerical Solver w € {1.00 — 0.507, 1.00 — 1.50i, ...}
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Poschl-Teller Potential for Non-Relativistic Systems 17th January 2025

Potential
2
V = Vi sech®(r)
Results
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[8] C. Burgess, F. Koenig. Frontiers in Physics 12:1457543 (2024)
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Perturbed Poschl-Teller Potential

Potential

ASZERvA

V = Vysech?(r) + eAV

Results
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[8] C. Burgess, F. Koenig. Frontiers in Physics 12:1457543 (2024)
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Double-Soliton Potential for Non-Relativistic Systems 17th January 2025

Potential

V = Vo (sech(r — a) + sech(r + a))?

Results
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Motivations

Generalising Hyperboloidal Methods
for Non-Relativistic Systems
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Light in optical fibres Bose-Einstein condensates BH spectral instability
! E— - (un)stable to weak
o s dispersion?
S L Lorentz violation
" e in quantum gravity
beyond non-dispersive approximation
Hydrodynamic vortex flows[®10 Generalization of the QNM concept
Rich phenomenology —> —>
— —
New questions NG -
Possibility of new insights
classical quantum

[9] S. Patrick, et al Physical Review Letters 121:061101 (2018)
[10] P. Svantara et al. Nature 628:66 (2024)
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Generalized Wave Equation Generalized Schrédinger Equation

It I

m
Z (id ) — Zh —idp ! =V |o=0 10y — ij(—i(??)j -V 9]e=0
J=1

a=1

Corresponding Mode Equation Corresponding Mode Equation
Z”J*"f _ Z bi(—id, ) =V |u=0 fof — ij(—ia,)? —Viu=0
j=1 =1 =1

T n
Zujwj o w E a;(idy ) < i0y
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Generalized QNM Problem Statement for Non-Relativistic Systems 17th January 2025
Generalized Schrédinger Equation Mode Equation
i, =Y bi(=id,)) —V | =0 w=Y b(=id,) =V |u=0 with ¢=ue !
i=1 j=1
Boundary Conditions . h
outgoing outgoing
3 el ! modes modes
d) ~ Elkr ik as r — +00 with Sgﬂ(j) — +1 SN AN
Generalized Continuity Equation 9=y 8 1
m j—1
By(Yyp*) + 8z | Y b5 Y ((—ida) ) (@)1 ~*y*) | =0
density j=1 k=0
P current

J
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Phenomenology of Many Modes

Asymptotic Dispersion Relation

w:ijkj mmm) 777 modes

j=1

Example

Possible Cases

left right
1 1
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Phenomenology of Many Modes

Asymptotic Dispersion Relation

w:ijkj mmm) 777 modes

j=1

Example

Possible Cases

left right
2 1
1 2
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Phenomenology of Many Modes

Asymptotic Dispersion Relation

w:ijkj mmm) 777 modes

j=1

Example

Possible Cases

left
2
1

=3,
NH+§_
-+
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Phenomenology of Many Modes for Non-Relativistic Systems

Asymptotic Dispersion Relation Possible Cases

w:ijkj mmm) 72 modes

=1

l—\Nw‘m
p=
=3,
W N R
=
-+

Example
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Phenomenology of Many Modes for Non-Relativistic Systems
Asymptotic Dispersion Relation Possible Cases
Tre
, left right
W = E bjk’ wmmm) 1 modes 3 i
Jj=1 2 2
1 3

Example
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Phen omeno|ogy of Many Modes for Non-Relativistic Systems 17th January 2025
Asymptotic Dispersion Relation Possible Cases
Tre
, left right
— Jed e —
w = E bjk’ =) 1 modes 3 1 i —j(k)
Jj=1 2 2
1 3
Example

= (0 = By(w) resonance
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Phen omeno|ogy of Many Modes for Non-Relativistic Systems 17th January 2025
Asymptotic Dispersion Relation Possible Cases
Tre
, left right
— Jed e —
w = E bjk’ =) 1 modes 3 1 i —j(k)
Jj=1 2 2
1 3
Example

{]ZAI ﬁBl
UZAE ﬂﬁg

chosen to cancel B;

A e
A4 h By == B.;{Ld) resonance
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Box Potentials for Non-Relativistic Systems 17th January 2025
Resonance Condition L= s s =
T, 15 0y (B
T3 Tw) \A) \0 1L |- )
Transfer Matrix
det (T4) =0
—_
Monomial Dispersion I | = — (= = = —
(10 = bm(=i0r)™ = V) =0
Box Potential
> — || = —
r 3'_ —
Lr = LU‘ |'TI {: I‘r[}l Ny -
0 otherwise
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Summary

Generalizing Hyperboloidal Methods Christopher Burgess

for Non-Relativistic Systems 17th January 2025

Schrédinger QNMs

® Generalization of QNM concept
to the Schrédinger equation

® Direct application of hyperboloidal
method to Schrédinger QNMs

® First steps to hyperboloidal method for
QNMs of higher-order equations

Generalized Wave Equation QNMs

® Generalization of QNM concept
to higher-order equations

® New phenomenology in QNMs of
higher-order equations

Contact at cdb23@st-andrews.ac.uk

St Andrews Team

o Pavlos Manousiadis 9 Andleeb Zahra
0 Christopher Burgess ° Sang-shin Baak
e Friedrich Kénig

Relevant papers
C. Burgess, F. Koenig. Frontiers in Physics 12:1457543 (2024)
C. Burgess, et al. Physical Review Letters 132:053802 (2024)
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