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1. Introduction




Motivation

* Eigenvalues: successful tool of applied mathematics (QM, PDEs, resonances, ...)

— fail to capture important effects in dynamics of systems governed by
non-normal operators

normal

self-adjoint
Normal operator <&/ >
* Complete orthonormal set of eigenfunctions (unitarily diagonalisable)

. [Q{, ngﬁ] =0 where /" is defined by <51,£7§2> = <:Q7T51952

—» self-adjoint (Hermitian) operators &/ = &' are a special case of normal operators




Motivation

 Orr-Sommerfeld operator: historical example where eigenvalues failed

— linearised Navier-Stokes equations for plane Poiseuille flow

— non-normal with respect to energy inner product

* Eigenvalue analysis: unstable mode at Reynolds number Re = 5772.22

— but experiments show transition to turbulence at much lower Re

 Non-modal study revealed transient growth in energy of linear perturbations




Motivation

Re = 5000 < Re,

modal
/  Maximum possible energy at each 7
-------------------------- * Optimal perturbation reaching max energy
at Ty — 18
35 40

e Initial configuration of optimal perturbation (schematic):
A

Z

> [Trefethen, Embree *05]




Motivation

o # governing linear black hole perturbation theory is non-normal

— shown to have consequences on spectral stability of QNM frequencies aramillo, Macedo, Sheikh *21]

* Previous discussions of non-modal transient dynamics in gravitational systems
[Jaramillo ’22] [Boyanov, Destounis, Macedo, Cardoso, Jaramillo 22]

— no transient growth




This work

* We ask the question:

— what 1s the maximum response that can be developed in linear black hole perturbations?

* Initiate a systematic non-modal analysis 1n gravitational systems

* We find:

arbitrarily long-lived sums of short-lived QNMs

1.0

= (.5 transient

0.0
0
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Tools and techniques

 Scalar perturbations ([J-m*)®=0 on ds*= —f(r)dt* -

« Hyperboloidal slices >

t =17 — h2) z=0:NP,0AdS, 7"
{r=R(z) z=1: 7"

— track energy leaving region

— regular eigenfunctions of # are QNMs

10,8 =H¢ %:(o i)
£ = (,0.0) “1

North pole

7‘2

J(r)

L 2452
rr dZd_l

N~ ——"

South pole

I [JC, Withers *24]

E(7,2) = e E (2)

0AdS

10




Tools and techniques

e (+,-) defined by energyon X _:  E(r)= | " nd> = E[£] =)

outgoing energy flux F(r) = — 0,E[4(t, 2)]

—»  dS, . and SAAS,y ;. F(0) = 0.9

no transient growth

z=1

—>  Schwarzschild: F (1) =|0.¢ k + | 0.¢ k
z=1 z=0
» 7 non-normal with respect to energy: (680 #0, n#m
M . ~

— perturbation from first M QNMs: E(t,2) = Z c,e & (2)

M M | o n=1

E[g] — Z 2 C;zkcmel(w’;k_wm)f <§n9 5m>
n=1 m=1
M ~
= Z |cn|2e25mwn"E[§n] + cross-terms. 11

n=1
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3. Analytical example




Analytical example: dS . static patch

I-|—

 QNMs are analytical: consider d =3, m* =2,1=0 -

— hypergeometric functions |

e Sumoffirsttwon=0,n=1: ¢ 2)=a e +a,e ™ 7 HG

-
7+ O(7)?

1 2 E a, + 2a, |’
E(T) _ _|a1 |2€_2T+ _(aikaz + a1a§)8—31 |a2|2e—4r = (7:) —1-=6 . | 1 . 2|
5 3 E(0) 3la|” + 6lay|” + 4(afa, + aya¥)

e Sum of first M QNMs:

E@)=1-(1-e M (1+2M-1e™™) = E@) =1-2M"""1+ 0()*"

Iim E(z) =1 but lim 0.¢

M— o0 M— o0

— OO0
z=1

— outgoing flux F(7) 1s peaked at 7 = log M , lifetime of perturbation

* Energy can remain arbitrarily long (not infinitely)
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Optimal perturbations

» Analytical example 1s not the slowest energy decay. Maximise energy at target time 7.

— parallel techniques to Orr-Sommerfeld case [rReddy, Schmid, Henningson, *93]

- 7 —IiAT
o Energy growth curve G(r) = sup Elem. a1 _ sup Ele = <01 _ le= 77|

0.2 EI6(0,2)] g0 ELS(0,2)]

eSMOT < G(r) <1, V>0

— restrict to subspace of M QNMs {fn(z) WM W, and find orthonormal basis via Gram-Schmidt

n=1 >’

M

M
M — _ £ _
w2, = (s, l//]> — 51']' 5(0,2) = 2 € 6n(2) = ’;dn W,(2) e2Sm oyt < Gy(t) <G(t) <1, V>0

n=1

—» then, Gyy(7) = [le w2 = |le ™72 where H,y = Uy Dy Uy

, (E — UV‘VIJ s Dy = diag(w, w,, ..., a)M))
e /“-norm of a matrix

|A||, = max = max {4} =s...(A) wheres

ax(A) denotes 1ts maximum singular value 1n 1ts SVD
xlxll JEC(A*A)



Optimal perturbations

* Singular value decomposition (SVD) of n X m matrix B

B=UXV*

nxXn nXm mXm

—> thus BV =UX and Bv, . =1u

where UU* = VV* = 1

o8 (B), i.e. maximum response is elicited by v

o Initial data of optimal perturbations in W such that E[&(7., 2)] = Gy(zs) :

—

—

M

n=1

D’

max

£(0,7) = Z cncfn(z) — Z dy (z) viaSVD of e ~Hwe

of e

M

n=1

max
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Optimal perturbations

Slowest possible energy decay?

Maximise energy at each :
energy growth curve

G(o) = lle™""|I;

Find orthonormal basis for W wrt
energy: Gram-Schmidt

{l//n(Z)}],\l/il =\ l//]> — 517

Restrict to subspace W, spanned
by M QNMs (£,(2)} -
Gy(t) = lle™" I3

In orthonormal basis:
Gy(7) = |le~"w7||3

Hy, 1s M X M matrix

Maximum possible energy at 7.
given by Gy(7:):

2-norm of a matrix

Optimal perturbation with

maximum possible energy at z..:
initial data from SVD

17




Optimal perturbations: Schwarzschild

* Standard treatment of perturbations: Regge-Wheeler-Zerilli equations
* Same energy inner product: closely following [Jaramillo, Macedo, Sheikh 21]

* Numerics: Chebyshev spectral methods 1n radial z coordinate

— discretise #Z into 2(N+ 1) X 2(N 4+ 1) matrix

- =

—» discretise energy norm <§1, §2> - ET ng

— Gram-Schmidt — QR decomposition

18




Optimal perturbations: Schwarzschild

S:2,l:2 T*=85f0rM=39




Optimal perturbations: Schwarzschild

£(0,2) = i@;&'ﬂ(z) = fjw(z)
n=1 n=1

1015 -

1012 -

109 -

106 -

103 -

100 -

—— || QNM basis /—/_/M\_\_

30

39

40

20




Contents

5. Discussion




Discussion

 Arbitrarily long-lived ( ~ log M) sums of decaying QNMs. Localised at horizon.

» Lifetime arbitrarily large but finite. Ultimate decay via longest-lived QNM

* Universal in Schw.-AdS, dS static patch, flat Schw.

— Observable interest in domains where horizons are present: astrophysics, analogue black holes,
condensed matter systems through AdS/CFT, etc.

* Fine-tuning?

e Backreaction .




Thank you!



A. Relation to pseudospectra

+ 0 (H)={weC:|R;Z)| >e")
e 6.(H)={w€EC:weEcF+5%),|6| < e

Theorem 15.4 of [ Trefethen, Embree *05]

FHH(H) < sup G(r) where Kreiss constant is defined: F(#) = sup (Smo)||R(w; )|~

>0 Sm w>0
| 1
» no growth bound on G(7), G(7) < 1, translates into ||[R(w; Z)|[p < — Vo € Cs.t. Smw > 0
SM w

or equivalently Smw <e Vw €/ (H)st. Smw >0 — bound on pseudospectrum contours in UHP

Theorem 17.4 of [Trefethen, Embree *05]3

G'(0) =2 sup ( sup Smaw — 6)

e>0 wEC (A )

« wesee G'(0) =0

24




A. Relation to pseudospectra

de+12d=3,m2=2,l=O

2 101 ~
_O ] \\
\
\
\
1 - \
- —3
0 - |
6 =
/"a /i
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= =
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B. Decomposition of P

(1,22, ) = ) PPa.2)Yim( Q)
/m
d 1k

(27)d-1 Zﬁ¢%(7’ 2)e’

D(7,7,x) = [

26




C. Hyperboloidal slicing

« dS,,  static patch:

j-l-

1 \.\\ /‘//’
h(Z) — log(l _ Z) \'\.\\ /‘//‘/

; e
R(7) = \/E E : =
» Schwarzschild-AdS,, ; black brane: TN

1 : :
h(z) = —log(l — 2) 7

d

|
R(z) = —

Z

 Schwarzschild:
h(z) = log(z) + log(l —z) — 1/z

[JC, Withers *24]

1
R(z) = —

< 27




D. Hamiltonian and energy

e Hamiltonian:

0.8 = HE

&= (¢, 0.4)"

l
. Z\ = (p(2)92 + p'(2)0, — q(2))
K — ( 0 l ) where W(.Z)

<L &
b2 Z, = WEZ) (27(2)0. + 7))

* Energy:
1

1
<§1, 52> — 5[ dz (W(Z) afa1af¢2 + p(2) 62510#2 + q(2) $1¢2)
0

E[S] = (£.¢)

28




E. dS QNMs and sums

o de+1 QNMS:

- d d
b (7,2) = e F (—n,——n—A+;—+l;z>
l = 2 — 2 where —A(A —d) = m?

w,$=—i(Ai+2n+l)

e Sumof M modes for d=3, m*=2,1=0:

(M)
Lk (1 — k+ M)

¢k(79 Z)

M
p(r.2) = Y (=D)*H27k /MM =T)
k=1

1y [2M -1 (2 +e7(y/z - 1)>M_ (2 — e (\/z + 1)>M
L

En)=1-(1-e )" 1+2M-1e™) = E@x)=1-2M"""+0(x)*"

29




F. Matrix norm

 Complex matrix A:

|A]l = ma
w7 x|l xe7 x|

» Self-adjoint and JA~':

ATAe, = le, — A real positive

(x,ATAx) = Z)_cixj (ei,ATAej) = Z

l,] l

XET ‘

X'x'A; < Z A,

|A|| = max

|Ax
XEV ‘

| x

”” =\ﬁn=\/ max {1}

AEG(ATA)

x|

xlxl —

|Ax || v/ (Ax, Ax) \/ (x, ATAx)
A = max = max

2
Al x|
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G. Regge-Wheeler-Zerilli perturbations

* Regge-Wheeler/axial perturbations:
q2) =11+ 1)+ (1 —s%)z

 Zerilli/polar perturbations:

20— DA+2)(I*+1+1)

F1]+z
(2+143z-2)°

1
q(z) = g(l — ([ + 2)
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H. QR decomposition

* Numerical spectrum and inner product:
V= (& ... &), G=FF

* QR decomposition of F'Vy, gives us orthonormal vectors in energy

FVy = (FQOyw)Uy

where QO = (1/11 W, ... WM)

and Uy, 1s an upper-triangular change of basis matrix
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