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Asymptotics in General 
Relativity
The role of spatial infinity



Overview

• The rela)on between the asympto)c behaviour of the gravita)onal at 
null infinity and spa)al infinity —the problem of spa,al infinity. 

• Penrose’s condi,ons to study isolated systems in General Rela)vity 
are too restric,ve to describe generic space)mes. 

• A conformal approach to the structure of spa)al infinity by H. Friedrich 
paves the way to a full understanding of the rela,on between Cauchy 
data and the asympto,c behaviour of the gravita,onal field —thus 
seBling the problem of spa)al infinity. 

• Applica)ons of these ideas to the computa,on of asympto,c charges. 

Key ideas in this talk



Introduction
Asymptopia



Asymptopia
A far away land of which we know little… (JM Stewart)

• There is a vast literature on the asymptotics of the 
gravitational field.


• Builds on Penrose’s characterisation of isolated systems in 
GR using the notion of asymptotic simplicity.


• Most of it formal: it makes a number of assumptions which 
may or may not be generic.



Understanding the assumptions
A vast body of work aimed at setting the asymptotics of GR on a solid footing 

• H Friedrich, JAVK,…


• P Chrusciel, R Beig & BG Schmidt,…


• D Christodoulou & S Klainermann, Klainermann & Nicolo, Lindblad & 
Rodnianski,…


• P Hintz & A Vasy


• L Kehrberger,…
Although great progress 
has occurred in recent 

years, some work is still 
required!

Not comprehensive!
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Some (historical) context
Asymptotic simplicity (AS) R Penrose 1963-65
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Asymptotic simplicity

The analysis of the conformal structure of exact solutions carried out in
Chapter 6 exhibited a number of common features among the various spacetimes
considered. The most conspicuous one is that they all admit a smooth conformal
extension which attaches a boundary to the spacetime. This conformal boundary
represents points at infinity. It is natural to ask whether this property is
shared by a larger class of spacetimes. This question leads to the notion of
asymptotic simplicity. In formulating this notion one tries to strike a delicate
balance: the definition should be strong enough so that it excludes clearly
pathological situations, but at the same time it should leave enough room to
include interesting spacetimes that go beyond the obvious explicit examples.
The original definition of asymptotic simplicity is due to Penrose (1963, 1964,
1965). This definition has had a lasting influence on the field of mathematical
relativity, in general, and in the applications of conformal methods to the analysis
of global properties of spacetimes, in particular.

7.1 Basic definitions

The following definition of asymptotic simplicity is adapted from Hawking and
Ellis (1973):

Definition 7.1 (asymptotically simple spacetimes) A spacetime (M̃, g̃) is
said to be asymptotically simple if there exists a smooth, oriented, time-
oriented, causal1 spacetime (M, g) and a smooth function Ξ on M such
that:

(i) M is a manifold with boundary I ≡ ∂M.
(ii) Ξ > 0 on M \ I , and Ξ = 0, dΞ "= 0 on I .

1 A causal spacetime is one in which there exist no closed timelike or null (i.e. causal) curves;
see also Chapter 14.
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(iii) There exists an embedding ϕ : M̃ → M such that ϕ(M̃) = M \ I and

ϕ∗g = Ξ2g̃.

(iv) Each null geodesic of (M̃, g̃) acquires two distinct endpoints on I .

The spacetime (M̃, g̃) is called the physical spacetime, while (M, g) is
known as the unphysical spacetime. The boundary I is generally known as
conformal infinity. In the cases where I corresponds to a null hypersurface
one calls it null infinity. More informally, I is also called scri2 – a shortened
version of script I. In a slight abuse of notation, one usually identifies M̃ and
M \ I so that one writes g = Ξ2g̃; see, for example, the examples discussed in
Chapter 6. In what follows phrases like “at infinity” are to be understood as
meaning in a suitable neighbourhood of I in M.

Definition 7.1 allows for a non-vanishing matter content. Spacetimes for which,
in addition, one has that Rab = 0 in a neighbourhood of I in ϕ−1(M) are
sometimes called asymptotically empty and simple.

Remarks

(a) Restriction on the conformal class. Definition 7.1 imposes restrictions
only on the conformal class of the admissible spacetimes (M̃, g̃). It does not
single out any specific conformal representation; that is, it does not provide
a canonical unphysical spacetime (M, g).

(b) Conformal infinity is a hypersurface. The boundary I as introduced
in point (i) in Definition 7.1 is a well-defined three-dimensional hypersurface
of M with normal given by dΞ. In particular, sets where dΞ = 0 – such as
spatial infinity i0 and the timelike infinities i± of the Minkowski spacetime –
are excluded from I . Points of this type, if present, will still be regarded as
belonging to the conformal boundary but will be treated separately.

(c) Conformal infinity is at infinity. Points (ii) and (iii) of Definition 7.1
ensure that the boundary I shares the key properties of the null infinity of
the Minkowski, de Sitter and anti-de Sitter spacetimes. To see that this is the
case one needs to analyse the behaviour of null geodesics. The transformation
behaviour of null geodesics under conformal rescalings has already been
discussed in Section 5.5. In what follows, let s̃ and s denote, respectively,
g̃-affine and g-affine parameters of a null geodesic γ ⊂ M̃. It follows then
that s̃ and s are related to each other by the equation

ds̃

ds
=

1

Ξ2
.

Without loss of generality, one can choose the unphysical affine parameter
s to vanish at I ; that is, Ξ = O(sα) along the null geodesic with α > 0.

2 Remarkably, the word scri is pronounced in the same way as the Polish word scraj meaning
boundary.



Provide a geometric 
framework to study the 

asymptotics of the 
gravitational field! 

Motto:



 is 60!ℐ
Original ideas about the notion of asymptotic simplicity date to around 1963



Key aspect
The smoothness of ℐ

Smoothness at   ℐ± Decay of fields 
(peeling)

Corollary:

Restricted 
smoothness Modified decay



Peeling
What do we mean exactly?
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Theorem 1. Let (M̃, g̃) denote a vacuum asymptotically simple spacetime with vanish-
ing Cosmological constant. Then the components of the Weyl tensor with respect to a frame 
adapted to a foliation of outgoing light cones satisfy

ψ̃0 = O
(

1
r̃5

)
, ψ̃1 = O

(
1
r̃4

)
, ψ̃2 = O

(
1
r̃3

)
, ψ̃3 = O

(
1
r̃2

)
, ψ̃4 = O

(
1
r̃

)
,

where ̃r  is a suitable parameter along the generators of the light cones.

The de!nition of asymptotically simple spacetimes involves an assumption on the exist-
ence of a smooth (i.e. C∞) conformal extension of the spacetime (M̃, g̃). An inspection of 
the proof of the Peeling theorem reveals that, in fact, it is only necessary to assume that the 
conformal extension is C4. In view of the latter, the question of the existence and genericity of 
spacetimes satisfying the peeling behaviour can be rephrased in terms of the construction of 
asymptotically "at spacetimes with, at least, this minimum of differentiability.

There exists a vast body of work aimed at the construction of spacetimes satisfying the 
peeling behaviour and at understanding the genericity of this property—see e.g. [16, 21, 43] 
for an entry point to the literature on this subject. The seminal work in [30] already singles 
out a key feature of the problem—namely, that whereas Penrose’s compacti!cation procedure 
applied to the Minkowski spacetime renders a fully smooth conformal extension, for space-
times with a non-vanishing mass (e.g. the Schwarzschild spacetime) the conformal structure 
degenerates at spatial in!nity. As spatial in!nity can be regarded as the (past/future) endpoint 
of the generators of (future/past) null in!nity, it is natural to expect that the behaviour of the 
gravitational !eld near spatial in!nity will, somehow, re"ect on the peeling properties of the 
spacetime—particularly, if one tries to analyse these from the point of view of a Cauchy initial 
value problem.

The !rst systematic attempt to understand the generic properties of the Einstein !eld equa-
tions near spatial in!nity from the point of view of an initial value problem are due to Beig 
and Schmidt [5, 8] who integrate the equations  along the so-called hyperboloid at spatial 
in!nity. Further insight on the relation between the peeling property and spatial in!nity was 
provided by Friedrich’s proof of the semiglobal existence and stability of perturbations of the 
Minkowski spacetime from hyperboloidal initial data—see [18]. This result ensures the exist-
ence of (semiglobal) developments with a smooth null in!nity (and thus peeling) if suitable 
hyperboloidal initial data is provided. A posterior analysis of the solutions to the Einstein con-
straint equations in the hyperboloidal setting by Andersson, Chrusciel and Friedrich [4] and 
later Andersson and Chrusciel [2, 3] revealed that the initial data sets considered in Friedrich’s 
semiglobal results are non-generic. More precisely, their results reveal the existence of certain 
obstructions to the smoothness null in!nity and suggest that a consistent framework for the 
analysis of the asymptotics of the gravitational !eld of isolated bodies is that of polyhomoge-
neous expansions—i.e. expansions involving powers of 1/r̃  and ln r̃ . The formal properties of 
spacetimes possessing polyhomogeneous asymptotic expansions were explored in [15]—sim-
ilar types of expansions had been considered earlier in e.g. [29, 44]; further properties have 
been later discussed in [36–38].

The proof of the non-linear stability of the Minkowski spacetime by Christodoulou and 
Klainerman [14] provides a further body of evidence of the non-generic character of space-
times satisfying the peeling behaviour. Indeed, their analysis provides spacetimes, which, in 
the notation of theorem 1 satisfy:

E Gasperín and J A Valiente Kroon Class. Quantum Grav. 34 (2017) 195007

Penrose (1965)

Smoothness is 
assumed here!



Some natural questions
Genericity and the Cauchy problem

i. How large is the class of 
spacetimes with a smooth 
Penrose compactification?

ii. How to construct the spacetime 
from, eg Cauchy initial data? 
What extra conditions are required?

ID Natural questions
a How large is the class of
spacetimes with smooth

Penrose

ycompactification

from e g Cauchy
initial data

are required

ID Natural questions
a How large is the class of
spacetimes with smooth

Penrose

ycompactification

from e g Cauchy
initial data

are required



The problem of spatial infinity
The presence of mass produces a singularity of the conformal structure at i0ID Penrose n 65 observed that the presence

of ADM mass produces a singularity of the

conformal structure at io

EE

ID Penrose n 65 observed that the presence

of ADM mass produces a singularity of the

conformal structure at io

EE

Penrose, 1965



Semiglobal stability of the Minkowski spacetime
Friedrich (1986)
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jo

For suitable hyperboloidal data 
one can recover a smooth  

on 
ℐ+

D+(ℋ⋆)

What about Cauchy 
data?



Global non-linear stability of the Minkowski spacetime
D Christodoulou & S Klainerman (1990)

 

pit
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it

i

Cannot recover peeling! 
Non-smooth ! ℐ+

Is this a technical problem or 
there is something more 

fundamental?



Gluing techniques
PT Chrusciel & E Delay (2005)

perturbationsof
Minkowski

ÉÉ

arbitrary data

Schwarzschild
data

Use the Corvino-Schoen 
gluing techniques together 
with Friedrich’s semi-global 

stability to construct AS 
spacetimes



Regular asymptotic initial value problem at spatial infinity
H Friedrich (1998)

Minkowski

Uhsmall

Schwarzschild
data

A detailed study of the 
structure of spatial infinity 

from the point of view of an 
IVP

The equations and 
data are regular at 

spatial infinity

Regular



The cylinder at spatial infinity
Friedrich (1998) —see also Ashtekar & Hansen (1978), Beig & Schmidt (1984)

ÉÉ
E

conformal geodesic
conformal Gauss gauge

ÉÉ
E

conformal geodesic
conformal Gauss gauge

Relation to Ashtekar’s 
framework for spatial 
infinity —M Magdy & 

JAVK, (2021)



The cylinder at spatial infinity
The cylinder  is a total characteristic of the (conformal) Einstein field equationsI

ÉÉÉ

E

conformal geodesic
conformal Gauss gauge

ItAll the evolution equations 
reduce to transport 

equations on the cylinder I

Data on Solutions at I⋆ ⟺ I±

Solution jets: J[ϕ(p)] = {(∂p
ρϕ) |I }



Obstructions to the smoothness of ℐ
Null infinity is generically non-smooth!

The regularity of the 
coefficients  can be 

explicitly computed 
(modulo computational 

complexities)

ϕ(p)

Logarithmic divergences at  !! 
—H. Friedrich (1998), JAVK (2004)

I±

Data needs to be fine-tuned to obtain 
suitably regular solutions



Consequences of the non-smoothness of ℐ
Non-smooth solutions may not peel!
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3. The cylinder at spatial in!nity

In this section we provide a brief discussion of the construction of the cylinder at spatial in"n-
ity and the asymptotic expansions ( F-expansions) it gives rise to. The basic references on the 
construction of the cylinder at spatial in"nity are [20, 23]—see also chapter 21 in [43].

3.1. Boundary conditions

In the present discussion we will restrict our attention to time symmetric initial data sets for 
the Einstein "eld equations which are asymptotically Euclidean and admit a point compacti-
"cation yielding an analytic conformal metric. More precisely, we assume that there exists a 
3-dimensional Riemannian manifold (S , h) with a point i ∈ S  and a function Ω ∈ C2 such that

Ω(i) = 0, dΩ(i) = 0, HessΩ(i) = −2h(i), (11)

with Ω > 0 away from i and h analytic at least in a neighbourhood of i—see [43], de"nition 
11.2.

Remark 7. In the following, our discussion will the restricted to a suitably small neighbour-
hood of i on S  and the Cauchy development thereof.

Remark 8. There is some conformal gauge freedom left in conditions (11). A replace-
ment of the form h !→ ϑ4h, Ω !→ ϑ2Ω with ϑ(i) = 1 gives rise to the same physical metric 
h̃ = Ω−4h. This gauge freedom has been used in [20] to construct a conformal normal gauge 
for which there exist coordinates x = (xα) with xα(i) = 0 such that

hαβ = −δαβ + O(|x|3). (12)

In particular, the curvature of h vanishes at i.

In what follows, we make the following assumption:

Assumption 1. The metric h satis!es the boundary conditions (11) with a conformal fac-
tor Ω ∈ C2(S) ∩ C∞(S \ {i}). Moreover, it is analytic in a neighbourhood of i and there ex-
ists coordinates x = (xα) for which the components of h satisfy (12).

Remark 9. The assumption of analyticity has been made for convenience and easy refer-
ence with the analysis in [20]. As pointed out in that reference, this assumption is not essential 
and for particular computations (like the ones considered here) a "nite degree of differenti-
ability suf"ces—see also similar remarks in [24].

Under assumption 1 it follows that the conformal factor Ω admits, in a suitable neighbour-
hood Ba(i) of i, the parametrisation

Ω =
U
|x| + W

where U and W are analytic functions on Ba(i)

U = 1 + O(|x|4), W(i) =
m
2

,

where m is the ADM mass of the initial data. The function U/|x| is the Green’s function of the 
Yamabe equation implied by the time symmetric Hamiltonian constraint and contains infor-
mation about the local geometry around i while W encodes global information—in particular 
the mass. The function W can be expanded as

E Gasperín and J A Valiente Kroon Class. Quantum Grav. 34 (2017) 195007
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o′A = rõA, ι′A = ι̃A. (21)

The physical Bondi radial coordinate ̃r  is obtained from r via the inversion
r̃ = 1/r.

It follows from the above that the components ψ̃0, . . . , ψ̃4 of ΨABCD with respect to the spin 
dyad {õA, ι̃A} are given by

ψ̃0 =
1
r̃3φ

′
0, ψ̃1 =

1
r̃2φ

′
1, ψ̃2 =

1
r̃
φ′2, ψ̃3 = φ′3, ψ̃4 = r̃φ′4.

Remark 18. Observe that the rescaling of the spin dyad given in (21) is asymmetric in oA 
and ιA—this choice is customary in the discussion of the peeling behaviour.

5. Main results

In this section we provide the main results of our analysis: expressions for the asymptotic 
decay of the components of the Weyl tensor dictated by the F-expansions under the premise 
that these expansions are related to actual solutions to the conformal Einstein "eld equa-
tions as stated in assumption 2. These results bring together the discussion in sections 3 and 4. 
The statements in this section are obtained via a direct computation involving the transforma-
tion formulae of section 4.3, the explicit expansions of proposition 3 and the solutions to the 
transport equations as given by proposition 1.

5.1. Decay near null in!nity

The main result in this article is the following:

Theorem 2. Under assumption 2, given time symmetric initial data satisfying assumption 1,  
the F-expansions imply that

ψ̃0 = O(r̃−3 ln r̃),

ψ̃1 = O(r̃−3 ln r̃),

ψ̃2 = O(r̃−3 ln r̃),

ψ̃3 = O(r̃−2),

ψ̃4 = O(r̃−1).

Remark 19. A general framework for the discussion of polyhomogeneous spacetimes with 
the above asymptotics is given in [15]. Polyhomogeneous spacetimes satisfying the above de-
cay have been studied in [38] where a number of their properties are discussed—in particular 
the existence of so-called logarithmic Newman–Penrose constants.

Remark 20. It is worth recalling that, for the purposes of the discussion of peeling prop-
erties, the key component is ψ̃0—i.e. the most singular one. Making use of an asymptotic 
characteristic initial value problem it is possible to deduce the decay of the other components 
if that of ψ̃0 is prescribed on a "duciary outgoing light cone. Using these methods it is pos-
sible to show that the Einstein "eld equations are, in fact, consistent with a decay of the form 
ψ̃0 = O(r̃−3 lnN r̃) with N some positive integer—see [36].

E Gasperín and J A Valiente Kroon Class. Quantum Grav. 34 (2017) 195007

Time symmetric data!

E Gasperín & JAVK 
(2017)



Some further examples
Regularity improves as one fine-tunes the data…

21

For more restricted classes of initial data one has the following:

Theorem 3. Under assumption 2, given time symmetric initial data satisfying assumption 1,  
the F-expansions are such that:

 (i) If

bij(i) = 0,

  then

ψ̃0 = O(r̃−4 ln r̃),

ψ̃1 = O(r̃−4 ln r̃),

ψ̃2 = O(r̃−3),

ψ̃3 = O(r̃−2),

ψ̃4 = O(r̃−1).

 (ii) If

bij(i) = 0, D{kbij}(i) = 0,

  then

ψ̃0 = O(r̃−5 ln r̃),

ψ̃1 = O(r̃−4),

ψ̃2 = O(r̃−3),

ψ̃3 = O(r̃−2),

ψ̃4 = O(r̃−1).

 (iii) The classical peeling behaviour is obtained if

bij(i) = 0, D{kbij}(i) = 0, D{kDlbij}(i) = 0.

Remark 21. Polyhomogeneous spacetimes with asymptotics of the form (i) and (ii) in the 
previous result have been discussed in [36]. The relation to the outgoing radiation condition 
of Bondi et al [11, 33] has been analysed in [37]. The decay in (i) includes the minimal poly-
homogeneous spacetimes of [15].

Remark 22. The peeling spacetimes of (iii) are not, generically, smooth at the conformal 
boundary. In fact, they exhibit the logarithmic singularities !rst observed in [39, 40]—see also 
(iv) in proposition 1. These will appear at order O(r̃−6). The developments of explicit time 
symmetric initial data sets like those of Brill–Lindquist and Misner data should have this type 
of asymptotics—i.e. peeling but with a conformal boundary of !nite differentiability.

5.2. Behaviour on null in!nity

The methods discussed in the previous sections  also allow us to analyse the behaviour of 
the rescaled Weyl tensor on I + near spatial in!nity. Observe that the restriction of φ′ABCD  
corresponds, essentially, to the leading terms of ψ̃ABCD.

E Gasperín and J A Valiente Kroon Class. Quantum Grav. 34 (2017) 195007
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corresponds, essentially, to the leading terms of ψ̃ABCD.

E Gasperín and J A Valiente Kroon Class. Quantum Grav. 34 (2017) 195007



The role of time independent solutions
Is stationarity near  the only possibility?i0

Stationary spacetimes are as regular near 
spatial infinity in as one would expect —in 

particular, the solutions do not have 
logarithmic singularities!

Is there any type of rigidity implied by 
smoothness at spatial infinity?



Polyhomogeneous spacetimes
P Hintz & Vasy (2019)

Global non-linear stability of 
the Minkowski spacetime 
with polyhomogeneous 

expansions

Not sharp but an important step 
forward! Relies on techniques of 

Melrose’s school of microlocal analysis 

Logarithms in the expansions



Why care?
A framework to study spatial infinity

The conclusions from the analysis of 
 are generic —i.e.independent 

from the set up of stability
i0

Friedrich’s cylinder at spatial infinity provides 
a framework for the study of asymptotic 
charges and other observables and their 

relation to initial data!



BMS charges and i0



BMS charges
The symmetry group of  is the BMS (Bondi-Metzner-Sachs) groupℐ

Asymptotic symmetries: 

• Solutions to the asymptotic Killing equations

• Transformations of  preserving structureℐ

ÉÉÉ

E

conformal geodesic
conformal Gauss gauge

It



Why we care?
The AS-GM-SGT triangle…

Credit: Mariem Magdy AM



Supertranslations
Reparametrising the null generators of ℐ

• Of particular interest are 
supertranslations 
(reparametrisations of 
cuts of cuts of ) ℐ

u ↦ u + α(θ, φ)

Smooth function 
on 𝒞 ≈ 𝕊2



The Newman-Penrose gauge
ET Newman & R Penrose (1965), J Stewart (1984)

ID Newman Penrose gauge

G A choice of coordinates frame and conformal

scaling adapted
to the geometry in It

I

in

A choice of coordinates, frame and 
conformal scaling adapted to the 

geometry of  ℐ+



The NP gauge 
A closer look…

Coordinates:

Frame:

x = (xμ) = (u, r, θ, φ)

{ ⃗l ′ , ⃗n ′ , ⃗m′ , ⃗m̄′ } = { ⃗e ′ 00′ 
, ⃗e ′ 11′ 

, ⃗e ′ 01′ 
, ⃗e ′ 10′ 

}

•  tangent to and 

•  on 

•

⃗e ′ 00′ 
ℐ+ ∇11′ 

⃗e ′ 11′ 
= 0

⃗e 11′ 
(u) = 1 ℐ+

⃗e ′ 00′ 
= (du)♯

(Bondi coordinates)

• The conformal freedom and residual 
freedom in the frame can be used to 

fix some components of the 
connection and Ricci tensor 



The spin-2 equations



BMS charges for the spin-2 field
M Magdy AH & JAVK ( JMP 2022)

∇A
A′ 

ϕABCD = 0, ϕABCD = ϕ(ABCD)

The BMS charge 
associated to a a super 
translation on a cut  of 

 is given by 
𝒞

ℐ+

𝒬 = 2∮𝒞
λϕ̄2dS

 a smooth function on λ 𝕊2

e.g.  (spherical harmonics)Ylm

 the Coulomb fieldϕ2

K Prabhu



Non-conservation of the charges
The value of the charges differs from cut to cut…

ID NB an analogous computation can be

carried out on 5

 for two 
cuts and 
𝒬1 ≠ 𝒬2

𝒞1 𝒞2

A similar computation 
can be carried out on 

ℐ−



The BMS charges at i0
Taking things to the limit…

no

lstroemingritlenmax.Troessaerti.pro

EU

What happens if one considers the 
limit of  approaching the critical 

sets where  meets ?
𝒞

ℐ± i0

Under which conditions are the 
limits well defined?

Are the charges on  and 
 related in some way?

ℐ+

ℐ− Matching problem!

Stroeminger, Henneaux & Troessaert, Prabhu…



The initial value problem at spatial infinity
Study the matching problem for the BMS charges using an IVP…

Use Friedrich’s 
representation of 

spatial infinity

ID Strategy study the matching problem

for BMS charges in terms of
the initial

value problem

UnH.Fiedrich's
formulationof spatial

infinity

Assumptions controlled ni
terms of initial data

g Write the charges in
termsof free data

Advantage: assumptions 
controlled in terms of 

initial data

Write the charges 
in terms of free 

data



Friedrich’s cylinder at spatial infinity
The geometric setup…

e or



The F (Friedrich)-gauge
A conformal Gaussian system…

Based on a non-intersecting 
congruence of conformal 

geodesics in a 
neighbourhood of i0

Coordinates:

Frame:

(τ, ρ, x𝒜)

In this gauge:
ℐ+ = {τ = 1}
ℐ− = {τ = − 1}

{ ⃗e AA′ 
} = { ⃗l , ⃗n , ⃗m , ⃗m̄}

Well propagated along the 
conformal geodesics



Relating the NP and F gauges
Friedrich & Kánnár (2000)

Proposition 1. The NP-gauge frame at I + and F-gauge frame in the Minkowski spacetime are
related via

e0AA0 = ⇤B
A⇤̄B0

A0eBB0 , (3)

and

⇤1
0 =

2ei!
p
⇢(1 + ⌧)

, ⇤0
1 =

e
�i!p

⇢(1 + ⌧)

2
,

⇤1
1 = ⇤0

0 = 0, (4)

where ! is an arbitrary real number that encodes the spin rotation of the frames on S2. For the
NP-gauge frame at I �, the roles of the vectors e0000 and e0110 are interchanged, and NP-gauge
frame is related to the F-gauge by equation (3) with ⇤A

B given by

⇤1
0 =

e
�i!p

⇢(1� ⌧)

2
, ⇤0

1 =
2ei!

p
⇢(1� ⌧)

,

⇤1
1 = ⇤0

0 = 0. (5)

4 The Maxwell field and asymptotic charges in the F-gauge

In this section, we discuss the Maxwell field on the Minkowski spacetime. First, we start by
writing the Maxwell equations in the F-gauge and expanding the Maxwell field in terms of spin-
weighted spherical harmonics. We then use the Maxwell equations to solve for the coe�cients of
the expansion. The analysis here follows the discussion found in [32].

4.1 The spinorial Maxwell equations

Starting with the Maxwell equations in the 2-spinor formalism

rA0
A
�AB = 0, (6)

applying �2rC
A0
, one can readily finds that the spinor �AB satisfies the wave equation

⇤�AB = 0, (7)

where ⇤ is the D’Alembertian operator ⇤ ⌘ rAA0rAA0
. We define a spin dyad similar to

the frame {eAA0}. Accordingly, define ✏AA with ✏0A = oA and ✏1A = ◆
A as the spin dyad

in the F-gauge. Then equation (7) can be split into a system of equations written in terms
of the components of �AB with respect to ✏AA, where �0 ⌘ �AB◆

A
◆
B , �1 ⌘ �ABo

A
◆
B and

�2 ⌘ �ABo
A
o
B so as to obtain the scalar equations

(1� ⌧
2)�̈0 + 2⇢⌧@⇢�̇0 � ⇢

2
@
2
⇢�0 �

1

2
(gḡ�0 + ḡg�0)� 2(1 + ⌧)�̇0 + �0 = 0, (8a)

(1� ⌧
2)�̈1 + 2⇢⌧@⇢�̇1 � ⇢

2
@
2
⇢�1 �

1

2
(gḡ�1 + ḡg�1) + 2⌧(⇢� 1)�̇1 = 0, (8b)

(1� ⌧
2)�̈2 + 2⇢⌧@⇢�̇2 � ⇢

2
@
2
⇢�2 �

1

2
(gḡ�2 + ḡg�2) + 2(1� ⌧)�̇2 + �2 = 0. (8c)

where g and ḡ are the Newman and Penrose operators [33, 9, 34]. The relation between the NP
operators (g, ḡ) and (@+, @�) are is given in Appendix B in [32]. To analyse the solutions of
these equations, the following Ansatz is made:

Assumption 1. The components of the Maxwell field admit an expansion around ⇢ = 0 and for
⌧ 2 [�1, 1] of the form

�n =
1X

l=|n�1|

lX

m=�l

an;l,m(⌧)n�1Yl,m + o1(⇢), (9)

7



The BMS charges at I±

Assumptions…

Key assumption: near  one has a solution of the form
I

ϕ2 =
∞

∑
ℓ=0

ℓ

∑
m=−ℓ

aℓm(τ)Yℓm + o(ρ)

Boosted data! Usually one has

  aY00 + o(ρ)

Existence of solutions of this form can 
be established using certain type of 

estimates (G Taujanskas & JAVK, 2023)
The subheading terms 

can be controlled



The cylinder at spatial infinity as a total characteristic
M Magdy AM & JAVK (2022)

The coefficients  can be explicitly computed from transport equations 
on . For example:


aℓm(τ)
I

(1 − τ2)··aℓm − 2τ ·aℓm + ℓ(ℓ + 1)aℓm = 0

The general solution is:

aℓm(τ) = 𝔞ℓmPℓ(τ) + 𝔟ℓmQℓ(τ)

Legendre polynomial

Legendre function of 
the second kind

Qℓ(τ) = 𝔠ℓ ln(1 ± τ) + O(1)



Regularity at I±

One needs to fine-tune the data…
Proposition. The regular solutions at  are 
characterised by the conditions:

•  for  odd

•  for  even

I±

aℓm(0) = 0 ℓ
·aℓm(0) = 0 ℓ

These conditions can be 
characterised in terms of free data 

for the spin-2 field

Gauss constraint:

DABϕABCD = 0

ϕABCD = (𝔊ψ)ABCD

Third order operator, 
Andersson, Bäckdahl & 

Joudioux (2014)

One can find a  (free data) 
satisfying the regularity conditions

ψABCD



The BMS charges in terms of the data

If the solutions are well defined at  one finds that:

•  


•

I±

𝒬 |I+ = − 2āℓm(1)
𝒬 |I− = − 2āℓm(−1)

Moral take away: the limits are 
generically not well-defined unless one 

fine-tunes the data!

The limits are generically not well-defined…



Identifying the charges at  and ℐ+ ℐ−
No need of the antipodal identification…

When the charges are well-defined at  one has that:

•  for  even

•  for  odd

I±

𝒬+ = 𝒬− ℓ
𝒬+ = − 𝒬− ℓ

The antipodal matching is, in fact, 
a regularity condition!



The BMS charges in GR
(M Magdy AM, K Prabhu & JAVK, to appear in JMP)



The BMS charges for the Weyl tensor
In full non-linear GR corrections appear…

ID BMS charges in GR in progress

with MMAM and K Prabhu

In this case the charges are given by:


,


with:

•  the shear tensor on 

• 


•

𝒬 = ∮𝒞
λ(ϕ2 +

1
2

σabNab)dS

σab ℐ+

Nab ≡ 2(£n − Φ)σab

Φ ≡
1
4 (∇ana) |ℐ+

 the Coulomb component of 
the rescaled Weyl tensor 


ϕ2

ϕABCD = Θ−1ΨABCD

 a smooth function over λ 𝕊2

 null geodesic generator of na ℐ+



Choosing the initial data
L-H Huang CQG 27, 245002 (2010)

The proof makes use of 
gluing techniques!



Computation of asymptotic expansions
Use again the total characteristic at spatial infinity…

For the above class of initial data one can 
make use of the properties of the cylinder  
to compute asymptotic expansions of all 

the relevant fields:




I

ϕABCD, σab, Nab
ΛA

B, ϑ

Give the transformation 
between frames

Caveat: the expansions are formal! 
One needs to adapt the methods of 
linear fields to GR or adapt the 
analysis of Hintz & Vasy. 



Structure of the asymptotic expansions
GR behaves like spin-2 field…

The leading behaviour of  is given by


,


with, again,


ϕ2

ϕ2 =
∞

∑
ℓ=0

m

∑
ℓ=−m

aℓm(τ)Yℓm + O(ρ)

aℓm(τ) = 𝔞ℓmPℓ(τ) + 𝔟ℓmQℓ(τ)

Logarithmic divergences!

Crucially, one has that 




as one approaches 
σab |ℐ± → 0

I±

Take away: the regularity of the solutions is 
controlled by conditions on the multipolar structure 

of  α

The structure of the charges at  is 
formally the same as for the spin-2 

field!

I±



Regularity of the solutions
The charges are, generically, not well defined…

Only  BMS super translation charges 
with  even have non-trivial information!ℓ

Regular solutions are obtained if the 
odd parity harmonics (  odd) in  

vanish!
ℓ α



Identifying the BMS charges at  and I+ I−
The role of the initial data…

The BMS charges at  (when defined) 
are given in terms of the multipolar 

structure of 

I±

α

This establishes the identification 
between  and 𝒬+ 𝒬−

No antipodal map required for this! 
Only sufficient regularity for the charges 

to be well defined…



Conclusions & outlook



Conclusions
Key take away messages…

• Friedrich’s representation of spatial infinity can be used to 
understand the assumptions behind asymptotic 

• Some of the standard assumptions are non-generic!


• Assumptions on free Cauchy data are ok!



Outlook
What lies ahead?

Wrap up H. Friedrich’s programme with 
rigorous statements on the relation of 

asymptotic expansions and solutions to the 
Einstein field equations

e or



Want to know more?



Thank you for your attention!


